ASCENDING NUMBER OF KNOTS AND LINKS 
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Abstract. We introduce a new numerical invariant of knots and links from 
the descending diagrams. It is considered to live between the unknotting 
number and the bridge number. 



1. Introduction 

Throughout this paper we work in the piecewise linear category. We shall study 
knots and links in the three-dimensional Euclidean space R 3 . For the standard 
definitions and results of knots and links, we refer to pQ, [2J, [3J, [PJ, [TUj, [IT], [T2J 
and PS]. 

For the purpose of defining a numerical invariant of knots and links, we need 
to prepare following terms. A link diagram is ordered if an order is given to its 
components. A link diagram is based if a basepoint (different from the crossing 
points) is specified on each component. A link diagram is oriented if an orientation 
is specified on each component. 

Let L be a link, and let I be a based ordered oriented link diagram of L. The 
descending diagram of L is obtained as follows, and will be denoted by d(L). Begin- 
ning at the basepoint of the first component of L and proceeding in the direction 
specified by the orientation, change the crossings as necessary so that each crossing 
is first encountered as an over-crossing. Continue this procedure with the remain- 
ing components in the sequence determined by the ordering, proceeding from the 
basepoint in the direction determined by the orientation, changing crossings so that 
ultimately every crossing is first encountered as an over-crossing. The result is the 
descending diagram d(L) obtained from L. An example is shown in Figure[TJ Note 
that d(L) is a diagram of a trivial link. 

Prof. Shin'ichi Suzuki mentioned in [151 2.16 (ii)] that the smallest number of 
crossing changes to obtain the trivial link may not always be provided with the 
number of difference crossing between a link diagram and the descending diagram. 
That was why we defined the next numerical invariant in [14) . 

Definition 1.1. Let L be a link and let L be a based ordered oriented link diagram 
of L. The ascending number of L is defined as the number of different crossings 
between L and d(L), and denoted by a(L). The ascending number of L is defined 
as the minimum number of a(L) over all based ordered oriented link diagram L of 
L, and denoted by a(L). 

The definition and the above note imply that a(L) > u(L), where u(L) denotes 
the unknotting number of L. Accordingly L is a trivial link if and only if a(L) = 0. 
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Figure 1. 



A difference of a(L) and u(L) can become no matter how big. Actually, the mention 
of S. Suzuki will be demonstrated in Corollarv l2.3l 

Now this paper is organized as follows. In section 2 we state all results. In section 
3 we give all proofs of the results. In section 4 we show a table of the ascending 
number, the unknotting number, and the bridge number of prime knots with eight 
crossings or less. 

2. Results 

Proposition 2.1. For a nontrivial knot K , we have 

'c(K) - 1" 



For a link L, we have 



a(K) < 



a(L) < 



z{L) 



where c{L) denotes the minimum crossing number of L, and [x] denotes the greatest 
integer which does not exceed x. 

The following theorem is the fundamental inequality between the ascending num- 
ber and the bridge number. 

Theorem 2.2. For an n-component link L, we have 

a{L) > b(L) - n, 

where b{L) is the bridge number of L. 

The following corollary asserts the difference between a(K) and u{K). 

Corollary 2.3. For any nonnegative integer n, there is a knot K such that a{K) — 
u(K) > n. 

For the connected sum, we have the following proposition. 

Proposition 2.4. For a knot, the ascending number is subadditive with respect to 
connected sum #, i.e. a{K\^K2) < a(Ki) +a(K2). 

It is natural to ask whether the ascending number is additive with respect to the 
connected sum. 
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Conjecture 2.5. For any knots K\,K 2 , 

a(K 1 #K 2 )=a{K 1 ) + a{K 2 ). 

The following corollary solves the above question partially. 

Corollary 2.6. Let Ki (i = 1,2) be a knot. If Ki satisfies a(Kj) — b(Ki) — 1 (i = 
1,2), then 

a(K 1 #K 2 )=a(K 1 ) + a(K 2 ). 

In consequence of this, we have the following corollary. 

Corollary 2.7. For any nonnegative integer n, there is a knot K such that a(K) = 
n. 

The following theorem characterizes the ascending number one link. We note 
that Tat Sang Fung ([5]) also obtained the same result for knot case. In fact, he 
showed that almost descending knots, i.e. knots with diagrams descending except 
at one crossing, are twist knots. 

Theorem 2.8. Let L be an n-component link. Then the ascending number of L is 
one if and only if L is 

(twist knot) o O n ~ , if L is completely splittable 

or 

(Hopf link) o O n ~ 2 , otherwise, 

where o denotes the split union, and O n denotes an n-component trivial link. 

In paticular, the ascending number of a knot K is one if and only if K is a twist 
knot. 

The following theorem determines the ascending number for torus knots. 

Theorem 2.9. Let p and q be coprime positive integers, and let T p q be a (p,q)- 
torus knot. Then we have 

fT x (P-I)(g~l) 

3. Proofs 

Proof, (of Proposition 12. 1[) At the beginning, we prove the proposition for a link. 
Let L be a link, and let L be a based ordered oriented link diagram of L with min- 
imum crossings. Consider a based ordered oriented link diagram which is obtained 
by reversing the order and the orientation of L, and let it be denoted by —L. Then 
it holds that c(L) — a(L) + a(—L). Indeed d(—L) is obtained by reflecting d(L) in 
the plane. Hence 

> mm{a(L),a(-L)} > a(L). 

Next we prove the proposition for a knot. Let K be a knot, and let K he & 
knot diagram of K with minimum crossings. Choose a crossing of K and specify 
a basepoint and an orientation on K in the following fashion. Whenever we begin 
the basepoint of K and proceed in the direction specified by the orientation, we 
first encounter the crossing as an over-crossing. 
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On the other hand let —K' be a based oriented knot diagram which is obtained 
by reversing the orientation of K and sliding the base point of K, as follows. 
Whenever we begin the basepoint of —K' and proceed in the direction specified by 
the orientation, we first encounter the crossing as an over-crossing. See Figured] 





Figure 2. 

Then it holds that c(K) — 1 = a(K) + a(-K'). Indeed a knot consists of a single 
circle. Hence 

~ 1 > xmn{a(K),a(-K')} > a{K). 
This completes the proof. □ 

Proof, (of Theorem I2.2p Let L be a based ordered oriented link diagram of L = 
K\ U • • • U K n satisfying a(L) — a(L). 

First, we make an n-bridge presentation of a trivial link V = K[ U • • • U K' n from 
the descending diagram d(L) by isotoping on z-coordinate so that L' satisfy the 
next conditions. We note that a similar presentation can be seen in [TJ Section 3.1]. 

(1) For each i g {1, . . . , n}, K[ is parametrized by an embedding : [0, 1] — > M 3 
so that the orientation and basepoint of p(/i([0, 1])) are in consistency with 
that of d(Ki), where p denotes the projection R 3 — > IR 2 x {0}, (x, y, z) 
(x,y,0). 

(2) For any x, y 6 [0, 1] such that x < y, h(fi(x)) > h(fi(y)), where h denotes 
the hight function M 3 -> {0} 2 x R, (x, y, z) i-» (0, 0, z). 

(3) For each » G {1, . . . , n - 1}, h(f t ({l})) > h(f i+1 ({0})). 

(4) For each i G {1, . . . , n}, /i({0}) and /i({l}) are connected by a vertical arc 
Pi contained in p-^base point of d(Ki)). Thus, K[ = fi([0, 1]) U P 

Next, we deform £' to obtain an (n + a(L))-bridge presentation of L as follows. 
Let C be the set of crossings of L which are different from that of d(L). For each 
crossing c £ C, we isotope the corresponding under-crossing of L' to exceed the 
corresponding over-crossing. Here, we may assume that such an operation accrues 
exactly one maximal point. As a result, we obtain a presentation of L whose bridge 
number is equal to n + a(L). Figure [3] shows a realization of L and d(L) in Figure 

m 

Hence we have 

b(L) < n + a{L). 

This arrives at the inequality of Theorem 12.21 □ 

Proof, (of Corollary |2.3p We will show that a composite knot K which is a connected 
sum of n 817's satisfies the inequality of Corollary |2.3l It is known that 14(817) = 1 
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Figure 3. 



and 6(8 17 ) = 3. By Schubert's formula b(K Y #K 2 ) = b{K{) + b{K 2 ) - 1 ([T7|), 
b(K) = nb(8 17 ) - (n - 1) = 2n+ 1. 
Since an inequality uiKx^K^) < u{K\) + u(K2) generally holds, 

u(K) < nu(8n) = n. 

Hence, by Theorem 12.21 

a(K) - u{K) > (b(K) - 1) - u(K) >2n-n = n. 

a 

Proof, (of Proposition ^. 4p Let K\ and K 2 be based oriented diagram of knots K\ 
and K 2 such that a(Ki) — a(Ki) for i — 1,2. By considering diagrams on the 
2-sphere, we may assume that basepoints of K\ and K 2 are in regions containing a 
point at infinity. Then we perform a connected sum K\ and K 2 to obtain a based 
oriented diagram Ki#K 2 as Figure |U 




Ki K 2 Ki # K 2 



Figure 4. 
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Therefore 

a(Jfi#X- 2 ) < a(J?i#/? 2 ) = a(#i) + a(J£j) = a(Jfi) + a(Jf 2 ). 

□ 

Proof, (of Corollary I2.6|) By Schubert's formula and Theorem 12.21 

a{K x #K 2 ) > b{K x #K 2 ) - 1 = {b{K x ) - 1) + (b(K 2 ) - 1) = a(Jfi) + a(Jf 2 ). 
Then, Proposition 12.41 gives the equality. □ 

Proof, (of Corollary 12. 7p Let if be a connected sum of n 3i's. Since a(3i) = 1 and 
b(3i) = 2, 3i satishes the supposition of Corollary 12.61 Hence, we have a(3i) = 
n. □ 

Proof, (of Theorem 12. 8[) The ascending number of the Hopf link is obviously equal 
to 1. The ascending number of a twist knot is also equal to 1 by the transformation 
in Figure [5l 




Figure 5. 

Conversely, suppose that a(L) = 1 and let L be a based ordered oriented diagram 
of L with a(L) = 1. Then there is just one crossing c of L that is a difference 
between L and d(L). We make an n-bridge presentation of a trivial link V from 
the descending diagram d(L) and deform L' to obtain an (n + l)-bridge presentation 
of L in the same way as the proof of Theorem 12.21 

There are two cases. 

(1) The crossing c consists of an over-crossing and an under-crossing of ifj. 

(2) The crossing c consists of an over-crossing of Kj and an under-crossing of 
Ki(i<j). 

In Case 1, £ is completely splittable and by a deformation in Figure [51 Ki is 
a twist knot. Here, we may assume that a basepoint of Ki is in the left most by 
considering a diagram on the 2-sphere. 

In Case 2, L is a split union of a Hopf link Ki UKj and (n — 2)-component trivial 
link by a deformation in Figure [7J 

This completes the proof of Theorem 12. 81 □ 
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Figure 6. 




Proof, (of Theorem 12. 9|) Let p, q be coprime positive integers {p < q), K a (p,q)- 
torus knot and K a standard diagram with (p — l)g-crossings. 

We assign a basepoint and an orientation to K so that whenever we begin the 
basepoint and proceed by the orientation, we first encounter (p — l)-crossings as 
over-crossings. We denote a resultant based oriented diagram by K a (Figured]). 

On the other hand, let Kb be a based oriented diagram which is obtained by 
reversing the orientation of K a and sliding the base point of K a so that whenever 
we begin the basepoint of Kb and proceed by the orientation, we first encounter 
the same {p — l)-crossings as over-crossings (Figure [S]). 

Then, it holds that a(K a ) + a(K b ) = (p - l)(q - 1). Hence 

a(K) < mm{a(K a ),a(K b )} < {P - 1)(g ~ 1} 
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Ka 




Figure 8. (4, 7)-torus knot 



On the other hand, by a solution of Milnor's conjecture u(K) = (p — l)(q — l)/2 
(0), 

fr- 1 ^- 1 ) = u(K) < a(K) < a(k) 
Hence, we obtain Theorem 12.91 □ 



4. Table of the ascending number of knots 

Here we present a table of the ascending number, unknotting number and bridge 
number of knots with 8-crossings or less. The unknotting numbers are cited from 
[TS] except for u(8io) = 2 from [T51 Corollary 1.2] and u(8ie) = 2 from an unpub- 
lished result by J. R. Rickard ([S], [7]). The bridge numbers are cited from [T2]. For 
the ascending numbers, 0(84) = 2 was determined by Miki Okuda ([13]). 0(813) = 2 
was determined by Sachie Fujimura ([!]) and she also pointed out 0(820) = 2, where 
they belong to Laboratory of Prof. Takao Matumoto, Department of Mathematics, 
School of Science, Hiroshima University. Miki Okuda also determined 0(93) = 3, 
o(9 4 ) = 2, o(9 6 ) = 3, o(9 7 ) = 2, o(9 47 ) = 2 and o(9 48 ) = 2. 



K 


a(K) 


u{K) 


bl K 1 


3i 


1 


1 


2 


4i 


1 


1 


2 


5i 


2 


2 


2 


5 2 


1 


1 


2 


61 


1 


1 


2 


62 


2 


1 


2 


63 


2 


1 


2 



K 


a(/f) 


u(if) 




7i 


3 


3 


2 


7 2 


1 


1 


2 


7 3 


2 


2 


2 


7 4 


2 


2 


2 


7 5 


2 


2 


2 


7 6 


2 


1 


2 


7 7 


2 


1 


2 
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K 


a(K) 


u(K) 


b{K) 


81 


1 


1 


2 


8 2 


2 or 3 


2 


2 


83 


2 


2 


2 


84 


2 


2 


2 


85 


2 or 3 


2 


3 


8 6 


2 


2 


2 


87 


2 or 3 


1 


2 


8 8 


2 


2 


2 


89 


2 or 3 


1 


2 


810 


2 or 3 


2 


3 



K 


a(K) 




b(K) 


811 


2 


1 


2 


812 


2 


2 


2 


813 


2 


1 


2 


814 


2 


1 


2 


815 


2 


2 


3 


816 


2 or 3 


2 


3 


817 


2 or 3 


1 


3 


818 


2 


2 


2 


819 


3 


3 


3 


820 


2 


1 


3 


821 


2 


1 


3 



We present a based oriented knot diagram which gives the minimal ascending 
number. We omit knot diagrams which are same as minimal crossing diagram. As 
S. Suzuki remarked in [18| 2.16 (i)], the minimal ascending diagram is not unique. 
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